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A NOTE ON THE NO-THREE-IN-LINE PROBLEM ON A TORUS
ALEKSANDER MISIAK, ZOFIA STE¸PIEN´, ALICJA SZYMASZKIEWICZ,
LUCJAN SZYMASZKIEWICZ, AND MACIEJ ZWIERZCHOWSKI
Abstract. In this paper we show that at most 2 gcd(m, n) points can be
placed with no three in a line on an m × n discrete torus. In the situation
when gcd(m,n) is a prime, we completely solve the problem.
1. Introduction
The no-three-in-line-problem [2] asks for the maximum number of points that
can be placed in the n × n grid with no three points collinear. This question has
been widely studied, but is still not resolved.
The obvious upper bound is 2n since one can put at most two points in each
row. This bound is attained for many small cases, for details see [4] and [5]. In [7]
the authors give a probabilistic argument to support the conjecture that for a large
n this limit is unattainable.
As a lower bound, Erdo¨s’ construction (see [3]) shows that for p prime one can
select p points with no three collinear. In [8] it is shown, that for p prime one can
select 3(p− 1) points from a 2p× 2p grid with no three collinear.
In the literature we can find some extensions of the no-three-in-line problem (see
[6], [9]). This paper is generalization of [6], where authors analyze the no-three-in-
line-problem on the discrete torus. This modified problem is still interesting.
Let m and n be positive integers greater than 1. By a discrete torus Tm×n we
mean {0, 1, . . . ,m− 1} × {0, 1, . . . , n− 1}.
Four integers a, b, u, v with gcd(u, v) = 1 correspond to the line {(a+ uk, b+ vk) : k ∈ Z}
on Z× Z. The condition gcd(u, v) = 1 ensures that each pair P,Q of distinct points
in Z× Z belongs to exactly one line. For instance, the points O = (0, 0), P = (2, 2)
belong to the line {(k, k) : k ∈ Z}.
We define lines on Tm×n to be images of lines in the Z×Z under the projection
πm,n : Z× Z→ Tm×n defined as follows
πm,n(a, b) := (a mod m, b mod n).
By x mod y we mean the smallest non-negative remainder when x is divided by
y.
We say that a set X ⊂ Tm×n satisfies the no-three-in-line condition if there are
no three collinear points in X . Let τ (Tm×n) denote the size of the largest set X
satisfying the no-three-in-line condition.
In our paper we will prove the following theorems.
Theorem 1.1. We have
τ (Tm×n) ≤ 2 gcd(m,n).
Theorem 1.2. We have
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(1) For gcd(m,n) = 1, τ (Tm×n) = 2.
(2) For gcd(m,n) = 2, τ (Tm×n) = 4.
(3) Let gcd(m,n) = p be an odd prime.
(a) If gcd(pm, n) = p2 or gcd(m, pn) = p2, then τ (Tm×n) = 2p.
(b) If gcd(pm, n) = p and gcd(m, pn) = p, then τ (Tm×n) = p+ 1.
The Theorem 1.2(1) was proved in [6] by some algebraic argument. The Theorem
1.2(2) is a generalized version of Proposition 2.1 from [6]. Similarly, Theorem
1.2(3a) and Theorem 1.2(3b) are generalizations of Theorem 2.7 and Theorem 2.9
from [6], respectively.
2. Proofs of Theorem 1.1 and Theorem 1.2(1)
One of the main tools used in this paper is the Chinese Remainder Theorem.
Theorem 2.1 (Chinese Remainder Theorem). Two simultaneous congruences
x ≡ a (mod m),
x ≡ b (mod n)
are solvable if and only if a ≡ b (mod gcd(m,n)). Moreover, the solution is unique
modulo lcm(m,n).
Let us define the family L = {Ls : s ∈ {0, 1, . . . , gcd(m,n)− 1}} of lines on
Tm×n, where
Ls = {πm,n(k, k − s) ∈ Tm×n : k ∈ Z} .
Lemma 2.2 (see [10]). Let a = (ax, ay) ∈ Tm×n and d = (ax−ay) mod gcd(m,n).
Then a ∈ Ld. Moreover, we have Ls1 ∩ Ls2 = ∅ for s1 6= s2 and s1, s2 ∈
{0, 1, . . . , gcd(m,n)− 1}.
Proof. By Theorem 2.1 there exists k ∈ Z such that
k ≡ ax (mod m),
k ≡ ay + d (mod n).
Consequently, (ax, ay) = πm,n(k, k − d) ∈ Ld. Suppose that Ls1 ∩ Ls2 6= ∅. This
means that there are k1, k2 ∈ Z such that πm,n(k1, k1 − s1) = πm,n(k2, k2 − s2). In
other words k1 − k2 is the solution of the following system
k1 − k2 ≡ 0 (mod m),
k1 − k2 ≡ s1 − s2 (mod n).
By Theorem 2.1 again, we see that s1−s2 ≡ 0 (mod gcd(m,n)). Hence Ls1∩Ls2 =
∅ for s1 6= s2 and s1, s2 ∈ {0, 1, . . . , gcd(m,n)− 1}. 
Proof of Theorem 1.1. Let X ⊂ Tm×n satisfy the no-three-in-line condition. By
Lemma 2.2 for every a ∈ X there exists L ∈ L such that a ∈ L. Consequently,
τ(Tm×n) ≤ 2 · |L| = 2 · gcd(m,n). 
Proof of Theorem 1.2(1). Obviously it is always true that τ(Tm×n) ≥ 2. By Theo-
rem 1.1 we get the statement. 
3. Proofs of Theorem 1.2(2) and Theorem 1.2(3a)
Let X = (x1, x2) ∈ Z× Z, Y = (y1, y2) ∈ Z× Z, Z = (z1, z2) ∈ Z× Z. Denote
by D(X,Y, Z) the following determinant
∣
∣
∣∣
∣
∣
1 1 1
x1 y1 z1
x2 y2 z2
∣
∣
∣∣
∣
∣
Recall the determinant criterion for checking whether points are in a line:
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Lemma 3.1. Three points X,Y, Z ∈ Z× Z are in a line if and only if D(X,Y, Z) =
0.
Now we prove the determinant criterion on a torus.
Lemma 3.2. If three points a, b and c of Tm×n are in a line, then D(a, b, c) ≡ 0
(mod gcd(m,n)).
Proof. Suppose that three points a = (ax, ay), b = (bx, by) and c = (cx, cy) are in
a line on Tm×n. This means that there are A,B,C ∈ Z× Z such that π(A) = a,
π(B) = b, π(C) = c and D(A,B,C) = 0. More precisely
A = (ax + αxm, ay + αyn),
B = (bx + βxm, by + βyn),
C = (cx + γxm, cy + γyn)
for some αx, αy, βx, βy, γx, γy ∈ Z.
We get
0 = D(A,B,C) = D(a, b, c) + nD((ax, α2), (bx, βy), (cx, γy))
+mD((αx, ay), (βx, by), (γx, cy)) +mnD((αx, αy), (βx, βy), (γx, γy)).
Hence D(a, b, c) ≡ 0 (mod gcd(m,n)). 
Proof of Theorem 1.2(2). Let gcd(m,n) = 2. Let
X = {(0, 0), (0, 1), (1, 0), (1, 1)} ⊂ Tm×n.
It is easy to check that D(a, b, c) ≡ ±1 (mod gcd(m,n)) for any a, b, c ∈ X. By
Lemma 3.2, X satisfies the no-three-in-line condition. Thus τ (Tm×n) ≥ 4. Now
Theorem 1.1 finishes the statement. 
Proof of Theorem 1.2(3a). Let p = gcd(m,n) be an odd prime. Assume without
loss of generality that gcd(pm, n) = p2. Consequently m = pk and n = p2l for
some positive integers k, l. Define X = {(i, i2p) ∈ Tm×n : i ∈ {0, 1, . . . , p− 1}} and
Y = {(i, i2p+ 1) ∈ Tm×n : i ∈ {0, 1, . . . , p− 1}}. We will show that the set X ∪ Y
of 2p points satisfies the no-three-in-line condition.
Take any three distinct points (i, i2p), (j, j2p), (k, k2p) from X . We will show
that these points are not in a line on Tm×n. To do this, we will show that three
points A = (i+αxm, i
2p+αyn), B = (j+βxm, j
2p+βyn), C = (k+γxm, k
2p+γyn),
where αx, αy, βx, βy, γx, γy ∈ Z are not in a line on Z× Z. We get
D(A,B,C) = D((i, i2p), (j, j2p), (k, k2p)) + nD((i, αy), (j, βy), (k, γy))
+mD((αx, i
2p), (βx, j
2p), (γx, k
2p)) +mnD((αx, αy), (βx, βy), (γx, γy))
= p ·D((i, i2), (j, j2), (k, k2)) + p2l ·D((i, αy), (j, βy), (k, γy))
+ pk · p ·D((αx, i
2), (βx, j
2), (γx, k
2)) + pk · p2l ·D((αx, αy), (βx, βy), (γx, γy))
= p(j − i)(k − i)(k − j) + p2M 6= 0,
since p ∤ (j − i)(k − i)(k − j) and M ∈ Z.
In the same way it can be shown that any three points from Y are not in a line
on Tm×n.
Now take any two points (i, i2p), (j, j2p) from X and (k, k2p + 1) from Y . We
have
D((i, i2p), (j, j2p), (k, k2p+ 1)) ≡ j − i (mod gcd(m,n)).
By Lemma 3.2 these points are not in a line. The same argument works if we take
one point from X and any two points from Y . We showed that τ (Tm×n) ≥ 2p.
Now Theorem 1.1 gives the statement. 
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4. Proof of Theorem 1.2(3b)
Let p = gcd(m,n) and ρ : Tm×n → Tp×p be the projection defined as follows
ρ(u, v) = (u mod p, v mod p). Since p|m and p|n, the diagram
Z× Z
πp,p

πm,n
// Tm×n
ρ
zz✈✈
✈
✈
✈
✈
✈
✈
✈
Tp×p
(1)
commutes. Consequently, the image of every line on Tm×n is a line on Tp×p. This
immediately implies the following result.
Lemma 4.1. Let p = gcd(m,n). The following holds:
(1) τ (Tm×n) ≥ τ (Tp×p),
(2) If the preimage of every line on Tp×p is a line on Tm×n, then τ (Tm×n) =
τ (Tp×p).
Now, let us define the family PO =
{
ℓβ : β ∈ {0, 1, . . . , p− 1}
}
∪ {ℓ∞} of lines
on Tp×p passing through O = (0, 0), where
ℓβ = {πp,p(k, βk) ∈ Tp×p : k ∈ Z} ,
ℓ∞ = {πp,p(0, k) ∈ Tp×p : k ∈ Z} .
The following results can also be found in [6].
Lemma 4.2. Let p be an odd prime. Then Tp×p =
⋃
ℓ∈PO
ℓ.
Proof. Consider (ax, ay) ∈ Tp×p. Suppose ax 6= 0. Since p is an odd prime, there is a
unique β ∈ {0, 1, . . . , p−1} such that (ax, ay) ∈ ℓβ. If ax is zero, then (ax, ay) ∈ ℓ∞.
Hence, Tp×p ⊂
⋃
ℓ∈PO
ℓ. The inclusion
⋃
ℓ∈PO
ℓ ⊂ Tp×p is obvious.

In the next two lemmas we will investigate the sets ρ−1(ℓ) for ℓ ∈ PO.
Lemma 4.3. Let p be an odd prime. For every β ∈ {1, 2, . . . , p−1} the set ρ−1(ℓβ)
is a line on Tm×n.
Proof. First we claim that there is α ∈ Z such that α ≡ β (mod p) and gcd(αm, n) =
p. Indeed, for instance, take α such that the following conditions are satisfied:
(i) α = β + kp for some k ∈ Z, (ii) α is a prime, (iii) α is greater than n. Since
p is an odd prime, the existence of such α is guaranteed by Dirichlet’s theorem on
arithmetic progressions.
Define Lα = {πm,n(k, αk) : k ∈ Z}. Now, we will show that ρ−1(ℓβ) = Lα. Let
(ax, ay) ∈ ρ−1(ℓβ). Then ay ≡ βax (mod p) and ay ≡ αax (mod p). By Theorem
2.1 there exists k1 ∈ Z such that
k1 ≡ αax (mod αm),
k1 ≡ ay (mod n).
It is easy to see that k1 = αk for k ∈ Z and we get
αk ≡ αax (mod αm),
αk ≡ ay (mod n).
Hence
k ≡ ax (mod m),
αk ≡ ay (mod n).
This means that (ax, ay) ∈ Lα. Since ρ(Lα) ⊂ ℓα = lβ, we have Lα ⊂ ρ−1(ℓβ). The
proof is finished.
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Lemma 4.4. Let p = gcd(m,n). The following holds:
(1) If gcd(m, pn) = p, then ρ−1(ℓ∞) is a line in Tm×n,
(2) If gcd(pm, n) = p, then ρ−1(ℓ0) is a line in Tm×n.
Proof. (1) Let L∞ = {πm,n(pk, k) : k ∈ Z}. We will show that ρ−1(ℓ∞) = L∞.
Take (ax, ay) ∈ ρ−1(ℓ∞). Hence ax ≡ 0 (mod p). By Theorem 2.1 there exists
k1 ∈ Z such that
k1 ≡ ax (mod m),
k1 ≡ pay (mod pn).
It is easy to see that k1 = pk for some k ∈ Z and we get
pk ≡ ax (mod m),
pk ≡ pay (mod pn).
Hence
pk ≡ ax (mod m),
k ≡ ay (mod n)
and a ∈ L∞. The inclusion L∞ ⊂ ρ−1(ℓ∞) is obvious. The proof is finished.
(2) The proof is similar to (1). 
Theorem 4.5. Let p = gcd(m,n) be an odd prime such that gcd(pm, n) = gcd(m, pn) =
p. Then we have τ (Tm×n) = τ (Tp×p) .
Proof. By Lemma 4.4 and 4.3 we get that ρ−1(ℓ) is a line on Tm×n for any ℓ ∈ PO.
Hence the preimage of every line on Tp×p is a line on Tm×n. Lemma 4.1(2) finishes
the proof. 
The following result can be found in [6]. Here we present the complete proof.
Theorem 4.6. Let p be an odd prime. Then τ(Tp×p) = p+ 1.
Proof. Let p be an odd prime number. If p ≡ 1 (mod 4) then take q to be some
quadratic nonresidue modulo p. If p ≡ 3 (mod 4) take q to be some quadratic
residue modulo p. Define X = {(x, y) ∈ Tp×p : x2 + q · y2 ≡ 1 (mod p)}. It
is known that X has p + 1 points. See for example Theorem 10.5.1 in [1]. By
Lagrange theorem for congruences, any line intersects X in at most two points.
Hence the set X satisfies the no-three-in-line condition and τ(Tp×p) ≥ p+ 1.
Let X satisfy the no-three-in-line condition. We can assume that O ∈ X . By
Lemma 4.2, every other point of the Tp×p lies on one or the other of the p+1 lines
passing through O. Hence |X | ≤ p+ 2 and we have τ(Tp×p) ≤ p+ 2.
Assume that there exists a set Y with p+ 2 points which satisfies the no-three-
in-line condition. Take any line L in Tp×p. We claim that either |L ∩ Y | = 0 or
|L ∩ Y | = 2. Indeed, if L ∩ Y = {y} then L is the line passing through point
y ∈ Y which does not pass by any other point of Y and consequently |Y | ≤ p+ 1,
a contradiction. Now fix any point z not in Y . Since each line through z contains
either 0 or 2 points of Y , the number of points in Y is even, a contradiction with
the fact that p+ 2 is odd. This means that the set Y does not exist. 
Proof of Theorem 1.2(3b).
Theorem 4.5 together with Theorem 4.6 gives the statement. 
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